Given an /{-module M, the centralizer near-ring J(R(M~) is the set of all functions / : M -> M with f(xr) = f(x)r for all x e M and r € R endowed with point-wise addition and composition of functions as multiplication.
Introduction
Throughout, the word ring is used to mean an associative ring with identity and all modules will be unital right modules.
Given modules M and N over a ring R, an R-homogeneous map from M to N is a function / : M -> N such that, for all x € M and for all r e R, f(xr) = f(x)r. The set of all homogeneous maps from M to M is denoted by Jt R (M~), and JZ R (M) is a zero-symmetric abelian near-ring with identity under the usual operations of pointwise addition and composition of functions [16] . This near-ring, sometimes called the centralizer near-ring determined by R and M [11] [12] [13] [14] [15] , obviously contains the ring E R (M) of all /?-endomorphisms of M: 174 Jutta Hausen and Johnny A. Johnson [2] that is
In a recent paper [7] , Fuchs, Maxson and Pilz have considered the class 1% of all rings R such that, for every R-module M, ^# R (M) is a ring. They prove that a ring R belongs to & (if and) only if J? R {M) = E R (M) for all /^-modules M. The focus in [7] is on the rings in g% and their structure. They show that every ring in & is non-commutative and must have non-zero zero divisors.
The current paper concerns itself with the structure of modules whose centralizer near-ring is a ring without imposing this condition on the entire module class. It will be convenient to call the ^-module M semi-endomorphal if J? R {M) is a ring. If ^R(M) = E R (M) , that is, if every R-homogeneous map from M to M is an endomorphism, then M is said to be endomorphal.
We pose PROBLEM 1.3. Given a ring R, find necessary and/or sufficient conditions for an /^-module M to be semi-endomorphal. PROBLEM 1.4 . Given a ring R, find necessary and/or sufficient conditions for an /?-module M to be endomorphal. PROBLEM 1.5. Describe the rings R over which there exist semi-endomorphal modules which are not endomorphal.
After general results for modules over arbitrary rings, we let R be an integral domain. Given a torsion-free /?-module M, we show that M R {M) -E R (M) if and only if M is an /?-submodule of the quotient field Q of R; and ^# R (M) is a ring if and only if any two R-independent elements of M are of incomparable type. Modules of the latter kind are said to be absolutely anisotropic. For R a Dedekind domain, we obtain a complete characterization: the R-module M is semi-endomorphal if and only if either R is a submodule of Q/R, or M is torsion-free absolutely anisotropic. For R a principal ideal domain, the endomorphal R-modules are shown to be precisely the locally cyclic modules; if R has only finitely many prime ideals then every semiendomorphal ^-module is endomorphal. However, there do exist semi-endomorphal -modules which are not endomorphal if the prime spectrum of R and R have equal cardinality. Thus, there exist abelian groups G such that Mi(G) is a ring but
Modules over arbritrary rings
Let R be any ring. The R-module M is said to be locally cyclic if, given any two elements x and y in M, there exist a e M such that both x and v belong to aR. One [3] Centralizer Thus f{g + h){a) = f(g(a) + h{a)) = fg{a) + fh(a) = (fg + fh)(a) as desired.
In order to derive necessary conditions for a module to be semi-endomorphal, the existence of non-trivial direct sum decompositions proves useful (cf. [7, 14] For ease of reference, we include the following result from [14] . An ./?-module M is said to be torsion-free if, for a e M and r e R,ar = 0 implies a = 0 or r = 0. Clearly, the existence of a non-zero torsion-free /^-module implies that R is a ring without zero-divisors. REMARK 2.6. Let M be an 7?-module.
(i) If X is a submodule of M such that the quotient module G/X is torsion-free, then X is an ^-closed and strongly R-pme subset of M. (ii) The union of any family of /^-closed and strongly /?-pure subsets of M is R-closed and strongly R-pure.
Maxson and van der Walt show that semi-endomorphal modules are either indecomposable, or what they term R-connected [14, 2.3] . We shall require the following result. LEMMA 
Let M be a semi-endomorphal R-module which has a non-trivial direct sum decomposition. If S is a submodule of M such that M/S is torsion-free, then S = M.

Modules over integral domains
From now on we assume that R is an integral domain. We use the terminology of [9] : if x e M is an element of an R-module M, the order ideal of x is the set o(x) = {r e R\xr = 0}, , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678870003857X Throughout, we let Q denote the quotient field of R. If M is a torsion-free R-module then M may be regarded as an /?-submodule of the vector space V = M <g>« Q. The rank of M is defined to be the g-dimension of V. The torsion-free rank-one /?-modules are, up to isomorphism, precisely the non-zero 7?-submodules of
Q.
An easy calculation shows that Q is a locally cyclic ^-module. Since quotient modules of locally cyclic modules are locally cyclic, 2.1 implies and the type of x is defined to be the type of (JC)*: t(x) -t({x)J. For abelian groups, of course, these notions agree with the standard definitions [6] .
Beaumont and Pierce call a torsion-free abelain group G completely anisotropic if no two independent elements of G have the same type [2, p. 28]. We modify this notion by calling a torsion-free module over an integral domain absolutely anisotropic if any two independent elements have incomparable type. The existence of absolutely anisotropic torsion-free abelian groups of rank two was established in [2] (see also [1, 8] ). In our context we have which is a contradiction. Conversely, suppose M is absolutely anisotropic. Let {X,}, €/ be the set of all pure rank-one subgroups of M. Then Hom«(X,, Xy) = 0 whenever ;' ^ j . Let / e J( R iM). It follows from 3.3 that, for each / e /, f\Xj € Hom R (X,, M) and, thus, /|X, e Hom R (X,, X,). Apply 2.2.
The torsion-free endomorphal modules over integral domains are precisely those of rank one: THEOREM 3.
Let M be a torsion-free module over an integral domain R. Then if and only if M has rank one.
PROOF. Assume M is a torsion-free R -module of rank at least two. Then there exist two pure rank-one submodules A and B of M such that A D B = 0. Let X = A U B. By 2.6, X is an R-closed and strongly R-pure subset of M. Apply 2.5 with <p = 1 M |X and call the resulting /?-homogeneous map / . Pick 0 / a e A and 0 / b e B. Then
Thus, M is not endomorphal. The proof is completed using 3.3.
Modules over Dedekind domains
Let R be a Dedekind domain. We will give a complete characterization of the semi-endomorphal /?-modules. Similar to modules over principal ideal domains, modules over Dedekind domains have nice decomposition properties. In particular, every indecomposable module over a Dedekind domain must be either torsion or torsion-free [9, p. 336, Theorem 10] . Thus, we have the following consequence of 3.1: LEMMA 
A semi-endomorphal module over a Dedekind domain is either a torsion module or is torsion-free.
The theory of torsion modules over Dedekind domains is essentially that of torsion modules over principal ideal domains. We summarize results from [9] : Let 2? denote the set of all maximal ideals of R. For each P e 3* and each R -module M, let Mp denote the set of all elements in M with order ideal a power of P. Then M P is a submodule of M and M P can be regarded as a module over the ring R (P) = {rs~l\r, s e R,s £ P), the localization of R at P. Moreover, R (P) is a discrete valuation domain, in particular a principal ideal domain. If M is torsion then Let Q again denote the quotient field of R. Then Q/R is a torsion /?-module, hence Q/R = ® P^Q /R) P . Define R(P°°) -(Q/R) p . As a factor module of the locally cyclic module (?,each R(P°°) is locally cyclic; it is also an injective hull of the modules of the form R/P". Each R/P" is a principal ideal ring whose ideal lattice is a chain [10; p. 137, 6.20] . It follows that the submodules of R(P°°) are totally ordered. The indecomposable torsion modules are precisely the modules of the form R/P" and R(P°°) with P e &.
As is the case for Z-modules [5, 
. Every finitely generated submodule of Q/R is cyclic.
A characterization of the endomorphal torsion modules is contained in (1)
J? R (T)isaring. (2) ^R(T) = E R (T). (3) T is locally cyclic. (4) T is a submodule of Q/R.
PROOF. Let T = @ P€g > T P be a torsion module. By 4.2, (4) implies (3), and (3) implies (2), by 2.1. Trivially, (2) implies (1). Assume (1) . If each T P is [8] indecomposable, T has the desired form. Assume not. Then T contains a direct summand G = A® B with 0 ^ A, B < R(P°°) for some P. Thus, all semi-endomorphal R-modules are determined: COROLLARY 
If M is a module over the Dedekind domain R, then JK R {M) is a ring if and only if either (i) M < Q/R, or (ii) M is torsion-free and absolutely anisotropic.
PROOF. Combine 4.1,4.3 and 3.4.
COROLLARY 4.5. If M is a module over the Dedekind domain R, then JZ R {M) -E R (M) if and only if either (i) M < Q/R, or (ii) M is torsion-free of rank one.
PROOF. Combine 4.1,4.3 and 3.5.
COROLLARY 4.6. A module M over a Dedekind domain is semi-endomorphal but not endomorphal if and only ifM is absolutely anisotropic torsion-free of rank at least two.
If R is a Dedekind domain which has only finitely many maximal ideals, then R is a principal ideal domain [10, p. 144, Exercise 3] . Since R has only finitely many pairwise non-associate primes, there are only finitely many types so that no torsionfree R-module of rank two or larger can be absolutely anisotropic. Since, by 3.3, every torsion-free rank-one module must be endomorphal, we have COROLLARY 4.7. Let R be a Dedekind domain. If there exists a semi-endomorphal R-module which is not endomorphal, the prime spectrum of R is infinite.
Modules over principal ideal domains
Let R be a principal ideal domain. Since R is a Dedekind domain, the characterization problems are solved. Over a principal ideal domain, every torsion-free rank-one module is locally cyclic. In view of 4.5, 3.2 and 2.1, this implies [9] Centralizer near-rings that are rings 181 PROPOSITION 
A module over a principal ideal domain is endomorphal if and only if it is locally cyclic.
We turn to Problem 1.5, that is, the existence of semi-endomorphal modules which are not endomorphal. By 4.7, R having a finite prime spectrum implies every semiendomorphal R-module is endomorphal. The question remains whether the converse holds.
As remarked earlier, the answer is 'yes' if /? = Z. This follows from results of Beaumont and Pierce who posed the problem of finding necessary and sufficient conditions for a given set T of types to equal the typeset T(A) of a rank-two torsionfree abelian group A [2] . In our context, we are concerned with the existence of absolutely anisotropic modules, that is, modules whose typesets have the property that any two of its members are incomparable.
For typesets of this sort, the realization problem of [2] has also been considered by Dubois [4] , Ito [8] , Schultz [17] , Arnold and Vinsonhaler [1] , and others. Their constructions differ. Given a typeset T, all known constructions of the /-module A having T for its typeset involve, at some point, some number theoretical result which is not available for arbitrary principal ideal domains, for example, the prime number theorem: lim,,^^ n/p n = 0 . It is an open question raised in [1] whether a realization theorem can be proved without using some version of this theorem [ibid., p. 20, 5.3].
For our purposes, we are concerned with a much weaker form of the realization problem: all we need is the existence of one typeset T any two of whose members are incomparable and a torsion-free module A such that T = T(A).
Under the special hypothesis that R is a principal ideal domain with sufficiently many primes, this can be proved establishing the existence of absolutely anisotropic torsion-free /^-modules. The following clever construction was communicated to the authors by Vinsonhaler. 
